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Abstract. We present a family of spatio-temporal theories suit-
able for continuous spatial change in general, and for continuous
motion of spatial scenes in particular. The family is obtained by
spatio-temporalising the well-knownALC(D) family of Description
Logics (DLs) with a concrete domain D, as follows, where TCSPs
denotes ”Temporal Constraint Satisfaction Problems”, a well-known
constraint-based framework: (1) temporalisation of the roles, so
that they consist of TCSP constraints (specifically, of an adaptation
of TCSP constraints to interval variables); and (2) spatialisation
of the concrete domain D: the concrete domain is now Dx, and is
generated by a spatial Relation Algebra (RA) x, in the style of the
Region-Connection Calculus RCC8. We assume durative truth (i.e.,
holding during a durative interval). We also assume the homogeneity
property (if a truth holds during a given interval, it holds during all
of its subintervals). Among other things, these assumptions raise the
”conflicting” problem of overlapping truths, which the work solves
with the use of a specific partition of the 13 atomic relations of
Allen’s interval algebra.
Keywords: Temporal Reasoning, Spatial Reasoning, Reasoning
about Actions and Change, Constraint Satisfaction, Description Log-
ics, Knowledge Representation, Qualitative Reasoning
1 Introduction
We start with our answer to the question of whether Artificial Intel-
ligence (AI) should reconsider, or revise its challenges:
“AI to the service of the Earth as the Humanity’s global, continuous
environment: the role of continuous (spatial) change in building a lasting global,
locally plausible democracy:
(Cognitive) AI, which is guided by cognitively plausible assumptions on the physical
world, such as, e.g., “the continuity of (spatial) change”, will start touching at its
actual success, the day it will have begun to serve, in return, as a source of inspiration
for lasting solutions to challenges such as, a World’s globalisation respectful of local,
regional beliefs and traditions. One of the most urgent steps, we believe, is the
implementation, in the Humanity’s global mind, of the idea of “continuous change”,
before any attempt of discontinuous globalisation of our continuous Earth reaches a
point of non return.”
Standard CSPs (Constraint Satisfaction Problems) [10, 11] were
originally developed for variables with discrete domains. With the
1 European Conference on Artificial Intelligence.
2 The reviews are added to the actual paper, after the references, for potential
people interested in objectivity of conferences’ reviewing processes.
aim of extending CSPs to continuous variables, Dechter et al. [3]
developed what is known in the literature as TCSPs (Temporal Con-
straint Satisfaction Problems), whose variables are continuous, in the
sense that they range over a continuous domain.
Constraint-based QSR (Qualitative Spatial Reasoning) languages
very often consist of finite RAs (Relation Algebras) [16], with ta-
bles recording the results of applying the different operations to the
different atoms, and the reasoning issue reduced to a matter of table
look-ups: a good illustration to this is the well-known topological
calculus RCC8 [12] (see also [4]).
The goal of the present work is to combine TCSP-like quantitative
temporal constraints with RCC8-like qualitative spatial constraints.
The targetted applications are those involving motion, and spatial
change in general, and include reasoning about dynamic scenes in
(high-level) computer vision, and robot navigation. The framework
we get can be seen as a spatio-temporalisation of the well-known
ALC(D) family of Description Logics (DLs) with a concrete do-
main D [2], which is obtained by performing two specialisations at
the same time: (1) temporalisation of the roles, so that they consist of
TCSP constraints (specifically, of an adaptation of TCSP constraints
to interval variables); and (2) spatialisation of the concrete domain
D: the concrete domain is now Dx, and is generated by a spatial
Relation Algebra (RA) x, such as the Region-Connection Calculus
RCC8 [12]. The final spatio-temporalisation of ALC(D) will be re-
ferred to as TCSP-ALC(Dx), and its main properties can be sum-
marised as follows: (1) the (abstract) domain (i.e., the set of worlds
in modal logics terminology) of TCSP-ALC(Dx) interpretations is
a universe of time intervals; (2) the roles consist of 4-argument tu-
ples providing TCSP constraints on the different pairs of endpoints
of two intervals; and (3) the concrete domain Dx is generated by an
RCC8-like constraint-based qualitative spatial language x.
Constraint-based languages candidate for generating a concrete
domain for a member of our family of spatio-temporal theories, are
spatial RAs for which the atomic relations form a decidable subset
—i.e., such that consistency of a CSP expressed as a conjunction of
n-ary relations on n-tuples of objects, where n is the arity of the RA
relations, is decidable. Examples of such RAs known in the litera-
ture include the Region-Connection Calculus RCC8 in [12] and the
projection-based Cardinal Direction Algebra CD in [5], for the bi-
nary case; and the RA CYCt of 2D orientations in [9] for the ternary
case.
Examples of work in the literature on, or related to, change include
[8, 14, 6]. In this work, we are interested in continuous change, and
the approach we follow has many similarities with the one in [8]. A
first difference with [8] is that, we will be interested in representing
continuous change, not only in propositional truth (or knowledge),
but in (relational) spatial truth as well. Both truths hold during in-
tervals. But contrary to the approach in [8] (second difference), we
consider that truth is durative, in the sense that it holds during dura-
tive, non-null intervals (intervals are thus interpreted as in [1]). An
endpoint of an interval may or may not belong to the interval (see,
e.g., [6] on this issue, and on the issue of continuity in general).
The work can be seen as an extension of CSPs (Constraint Satis-
faction problems) of Allen’s interval constraints [1]. An Allen’s CSP
is, in some sense, blind, in the sense that, a solution to it is just a
(consistent) collection of intervals with the qualitative relation on
each pair of them. The solution tells nothing about possible change in
truth (or truths) in the real world. In this work, as mentioned above,
we consider two kinds of truth, propositional truth and (relational)
spatial truth. The first truth can be seen as a propositonal formula,
and the second as a similar formula, where, instead of literals, we
have qualitative spatial constraints on objects of the spatial domain
of interest (the domain of intetrest may be a topological space, the
objects regions of that space, and the relations RCC8 relations [12]).
The conjunction of the two truths, transformed into DNF (Disjunc-
tive Normal Form), has disjuncts3 consisting of conjuntions of lit-
erals and qualitative spatial constraints. The DNF is true during an
interval, if one of its disjuncts is true during that interval. As a conse-
quence, if C1 is true during interval I1 and C2 during interval I2, and
if I1 and I2 have a 1-dimensional intersection, then the conjunction
of C1 and C2 should be consistent. It follows that the following parti-
tion of Allen’s 13 atoms into three convex relations will be primordial
to our work: (1) the relation consisting of the union of the before and
meets atoms; (2) its converse, containing the after and met-by rela-
tions; and (3) the relation containing the remaining 9 atoms, which
holds between two intervals ⇐⇒ they have a 1-dimensional inter-
section. Now, given truth C1 holding during I1 and truth C2 holding
during I2, C1 and C2 interact (i.e., their conjunction is required to
be consistent) ⇐⇒ I1 and I2 are related by the third relation of the
partition.
The paper, without loss of generality, will focus on a concrete do-
main generated by one of the three binary spatial RAs mentioned
above, RCC8 [12]; and on another concrete domain generated by the
ternary spatial RA CYCt in [9].
2 Constraint satisfaction problems
A constraint satisfaction problem (CSP) of order n consists of the
following: (1) a finite set of n variables, x1, . . . , xn; (2) a set U
(called the universe of the problem); and (3) a set of constraints on
values from U which may be assigned to the variables. The problem
is solvable if the constraints can be satisfied by some assignement of
values a1, . . . , an ∈ U to the variables x1, . . . , xn, in which case the
sequence (a1, . . . , an) is called a solution. Two problems are equiv-
alent if they have the same set of solutions.
An m-ary constraint is of the form R(xi1 , · · · , xim), and asserts
that the m-tuple of values assigned to the variables xi1 , · · · , xim
must lie in the m-ary relation R (an m-ary relation over the uni-
verse U is any subset of Um). An m-ary CSP is one of which the
3 A disjunct of a DNF is a conjunction (of literals in the case of propositional
calculus).
constraints are m-ary constraints. We will be considering exclusively
binary CSPs and ternary CSPs.
3 Temporal Constraint Satisfaction Problems
—TCSPs
TCSPs have been proposed in [3] as an extension of (discrete) CSPs
[10, 11] to continuous variables.
Definition 1 (TCSP [3]) A TCSP consists of (1) a finite number of
variables ranging over the universe of time points; and (2) Dechter,
Meiri and Pearl’s constraints (henceforth DMP constraints) on the
variables.
A DMP constraint is either unary or binary. A unary constraint has
the form R(Y ), and a binary constraint the form R(X,Y ), where R
is a subset of the set IR of real numbers, seen as a unary relation in
the former case, and as a binary relation in the latter case, and X and
Y are variables ranging over the universe of time points: the unary
constraint R(Y ) is interpreted as Y ∈ R, and the binary constraint
R(X,Y ) as (Y − X) ∈ R. A unary constraint R(Y ) may be seen
as a special binary constraint if we consider an origin of the World
(time 0), represented, say, by a variable X0: R(Y ) is then equivalent
to R(X0, Y ). Unless explicitly stated otherwise, we assume, in the
rest of the paper, that the constraints of a TCSP are all binary.
Definition 2 (STP [3]) An STP (Simple Temporal Problem) is a
TCSP of which all the constraints are convex, i.e., of the form
R(X,Y ), R being a convex subset of IR.
The universal relation for TCSPs in general, and for STPs in par-
ticular, is the relation consisting of the whole set IR of real num-
bers: the knowledge (Y − X) ∈ IR, expressed by the DMP con-
straint IR(X,Y ), is equivalent to “no knowledge”. The identity rela-
tion is the (convex) set reducing to the singleton {0}: the constraint
{0}(X, Y ) “forces” variables X and Y to be equal.
4 A quick overview of Allen’s interval algebra
Allen’s RA [1] is well-known. Its importance for this work is pri-
mordial, since it handles relations on temporal intervals, instead of
relations on temporal points as in the RA in [17]: as such, it cap-
tures much better the idea of continuity of spatial change in the
physical world [6]. Briefly, the algebra is qualitative and contains
13 atoms, which allow to differentiate between the 13 possible con-
figurations of two intervals on the time line. The atoms are < (be-
fore), m (meets), o (overlaps), s (starts), d (during), f (finishes); their
respective converses > (after), mi (met-by), oi (overlapped-by), si
(started-by), di (contains), fi (finished-by); and eq (equals), which is
its proper converse.
A partition suitable for continuous change. We will be using
the partition of the set of Allen’s atoms into three JEPD (Jointly
Exhaustive and Pairwise Disjoint) sets, which are PRECEDES,
INTERSECTS and FOLLOWS, defined as follows: PRECEDES =
{<,m}, INTERSECTS = {o, oi, s, si, d, di, f, fi, eq}, FOLLOWS =
{mi, >}. The importance of this partition for handling continuous
(spatial, but also propositional) change will appear later, but an in-
tuitive explanation can be given right now. If a relation r holds on
a pair (x, y) of spatial objects during interval I , then it holds dur-
ing all subintervals of I (homogeneity property, see, e.g., [8]). In the
case of r being disjunctive, we also assume that there exists an atom
s in r that holds on pair (x, y) during interval I —without such an
additional assumption, if could be that an atom s1 holds on (x, y)
during, say, the first half of I , and another, distinct atom s2 holds
on (x, y) during the other half of I . Given this property, if we have
the knowledge that (1) a relation r1 holds on pair (x, y) of spatial
objects during interval I1; (2) a relation r2 holds on the same pair
during interval I2; and (3) intervals I1 and I2 are related by the rela-
tion INTERSECTS, then we conclude that relations r1 and r2 should
have a nonempty intersection (in particular, if they both consist of
atomic relations, they should be the same relation) —one atom of
r1 ∩ r2 holds then on (x, y) during I1 ∪ I2. This also applies to
propositional knowledge. If a propositional formula φ holds during
interval I , then it holds during all subintervals of I . In the case of
r being disjunctive, we also assume that there exists a disjunct c of
the decomposition of φ into DNF (Disjunctive Normal Form) such
that c holds during interval I —here also, without such an additional
assumption, if could be that a disjunct c1 holds during, say, the first
half of I , and another disjunct c2, distinct from c1, holds during the
other half of I .
5 A quick overview of the spatial relations to be
used as the predicates of the concrete domain
The RA RCC8. The RCC-8 calculus (see [12] for details) consists
of a set of eight JEPD atoms, DC (DisConnected), EC (Externally
Connected), TPP (Tangential Proper Part), PO (Partial Overlap), EQ
(EQual), NTPP (Non Tangential Proper Part), and the converses,
TPPi and NTPPi, of TPP and NTPP, respectively.
The RA CYCt. The set 2DO of 2D orientations is defined in the
usual way, and is isomorphic to the set of directed lines incident with
a fixed point, say O. Let h be the natural isomorphism, associating
with each orientation x the directed line (incident with O) of orien-
tation x. The angle 〈x, y〉 between two orientations x and y is the
anticlockwise angle 〈h(x), h(y)〉. The binary RA of 2D orientations
in [9], CYCb, contains four atoms: e (equal), l (left), o (opposite) and
r (right). For all x, y ∈ 2DO: e(y, x) ⇔ 〈x, y〉 = 0; l(y, x) ⇔
〈x, y〉 ∈ (0, pi); o(y, x)⇔ 〈x, y〉 = pi; r(y, x)⇔ 〈x, y〉 ∈ (pi, 2pi).
Based on CYCb, a ternary RA, CYCt, for cyclic ordering of 2D ori-
entations has been defined in [9]: CYCt has 24 atoms, thus 224 re-
lations. The atoms of CYCt are written as b1b2b3, where b1, b2, b3
are atoms of CYCb, and such an atom is interpreted as follows:
(∀x, y, z ∈ 2DO)(b1b2b3(x, y, z)⇔ b1(y, x)∧b2(z, y)∧b3(z, x)).
The reader is referred to [9] for more details.
6 Concrete domain
The role of a concrete domain in so-called DLs with a concrete do-
main [2], is to give the user of the DL the opportunity to represent,
thanks to predicates, knowledge on objects of the application do-
main, as constraints on tuples of these objects.
Definition 3 (concrete domain [2]) A concrete domain D consists
of a pair (∆D,ΦD), where ∆D is a set of (concrete) objects, and
ΦD is a set of predicates over the objects in ∆D . Each predicate
P ∈ ΦD is associated with an arity n: P ⊆ (∆D)n.
Definition 4 (admissibility [2]) A concrete domain D is admissible
if: (1) the set of its predicates is closed under negation and contains
a predicate for ∆D; and (2) the satisfiability problem for finite con-
junctions of predicates is decidable.
7 The concrete domains Dx, with
x ∈ {RCC8, CYCt}
The concrete domain generated by x, Dx, can be written as Dx =
(∆Dx ,ΦDx), with DRCC8 = (RT S, 2
RCC8-at) and DCYCt =
(2DO, 2CYCt-at), where:
1. RT S is the set of regions of a topological space T S; 2DO is the
set of 2D orientations; and
2. x-at is the set of x atoms —2x-at is thus the set of all x relations.
Admissibility of the concrete domains Dx is a direct consequence
of (decidability and) tractability of the subset {{r}|r ∈ x-at} of x
atomic relations (see [13] for x = RCC8, and [9] for x = CYCt).
8 Syntax of TCSP-ALC(Dx) concepts, with
x ∈ {RCC8, CYCt}
Let x be an RA from the set {RCC8, CYCt}. TCSP-ALC(Dx), as
already explained, is obtained from ALC(D) by temporalising the
roles, and spatialising the concrete domain. The roles in ALC, as
well as the roles other than the abstract features in ALC(D), are in-
terpreted in a similar way as the modal operators of the multi-modal
logicK(m) [7] (K(m) is a multi-modal version of the minimal normal
modal system K), which explains Schild’s [15] correspondence be-
tween ALC and K(m). In this work, the roles will be 4-argument tu-
ples, 〈Rbb, Rbe, Reb, Ree〉, with Rxy, x, y ∈ {b, e}, being a convex
subset of the set IR of real numbers. The abstract objects are intervals
each of which is associated with (spatial) constraints on (objects of)
the scene of the spatial domain in consideration, and with proposi-
tional knowledge consisting of primitive concepts and negated prim-
itive concepts (literals): during the whole interval, the scene has to
fulfil the constraints (durativeness of spatial relational truth), and the
propositional knowledge has to remain true (durativeness of propo-
sitional truth). The roles, thus, express temporal constraints on pairs
of abstract objects. Given an interval I , Ib and Ie will denote the
beginning endpoint of I and the ending endpoint of I , respectively.
Given two intervals I and J , Rxy(I, J), with x, y ∈ {b, e}, is inter-
preted as, the difference Jy − Ix, representing the temporal distance
between the endpoints Ix and Jy , belongs to the convex subset Rxy
of IR.
The assertion “I is an interval in the sense of Allen [1] (a pair of
temporal points such that the second strictly follows the first)” can be
expressed as 〈{0}, IR+, IR−, {0}〉(I, I). Now, given two intervals in
the sense of Allen, and an Allen atom, say r, the constraint r(I, J) is
expressed as s(I, J), where s is the translation of r as given by the
following tables.
Atom Translation
< 〈IR+, IR+, IR+, IR+〉
m 〈IR+, IR+, {0}, IR+〉
o 〈IR+, IR+, IR−, IR+〉
s 〈{0}, IR+, IR−, IR+〉
d 〈IR−, IR+, IR−, IR+〉
f 〈IR−, IR+, IR−, {0}〉
> 〈IR−, IR−, IR−, IR−〉
Atom Translation
mi 〈IR−, {0}, IR−, IR−〉
oi 〈IR−, IR+, IR−, IR+〉
si 〈{0}, IR+, IR−, IR−〉
di 〈IR+, IR+, IR−, IR−〉
fi 〈IR+, IR+, IR−, {0}〉
eq 〈{0}, IR+, IR+, {0}〉
The concepts of the TCSP-ALC(Dx) specialisation of the ALC(D)
family of DLs we will be interested in, are built from three kinds of
basic concepts:
1. Primitive concepts (which play the role of atomic propositions in
propositional calculus) and negated primitive concepts.
ba
b a b
b
a a
PO(a,b) EQ(a,b) NTPP(a,b) NTPPi(a,b)
b
a
a
b
b b
aa
DC(a,b) EC(a,b) TPP(a,b) TPPi(a,b)
Interval 3
Interval 2
Interval 1
O1
C1 C2
O2
O1
O3
O2
O3
O1
O3
C3
O2
Figure 1. ((Left) An illustration of the RCC-8 atoms. (Right) Illustration of T CSP −ALC(DRCC8).
2. Predicate concepts whose function can be described as follows.
To describle an RCC8-like spatial constraint of the form P (x, y),
where P is a relation, and x and y variables, we use a predicate
concept of the form ∃(g1)(g2).P , where g1 and g2 are concrete
features referring, respectively, to the same concrete objects of
the spatial concrete domain in consideration as variables x and
y. Similarly, a ternary constraint of the form P (x, y, z) will be
represented by a predicate concept of the form ∃(g1)(g2)(g3).P .
3. The other basic concepts we will be using are of the form ∃R.A,
where R = 〈Rbb, Rbe, Reb, Ree〉 is a role and A is a defined
concept.
Formally, the TCSP-ALC(Dx) concepts are defined as follows:
Definition 5 (TCSP-ALC(Dx) concepts) Let x be an RA from the
set {RCC8, CYCt}. LetNC andNcF be mutually disjoint and count-
ably infinite sets of concept names and concrete features, respec-
tively. We suppose a partition NC = NpC ∪ NdC of NC , where
NpC is a set of primitive concepts, and NdC is a set of defined con-
cepts. The set of TCSP-ALC(Dx) concepts is the smallest set such
that:
1. ⊤ and ⊥ are TCSP-ALC(Dx) concepts
2. a TCSP-ALC(Dx) primitive concept is a TCSP-ALC(Dx)
(atomic) concept
3. the negation, ¬A, of a TCSP-ALC(Dx) primitive concept A is a
TCSP-ALC(Dx) concept
4. if A is a TCSP-ALC(Dx) defined concept; C and D are
TCSP-ALC(Dx) concepts; 〈Rbb, Rbe, Reb, Ree〉 is a role; g1, g2
and g3 are concrete features; and P is a TCSP-ALC(Dx) predi-
cate, then:
(a) ∃(g1)(g2).P , if x binary, and ∃(g1)(g2)(g3).P , if x ternary,
are TCSP-ALC(Dx) (atomic) concepts; and
(b) ∃〈Rbb, Rbe, Reb, Ree〉.A, C ⊓D, C ⊔D are TCSP-ALC(Dx)
concpets.
A (TCSP-ALC(Dx) terminological) axiom is an expression of the
form A .= C, A being a defined concept and C a concept. A TBox
is a finite set of axioms, with the condition that no defined concept
appears more than once as the left hand side of an axiom.
Example 1 (illustration of T CSP −ALC(DRCC8)) Consider
the moving spatial scene depicted in Figure 1(Right), composed of
three objects o1, o2 and o3. Three snapshots of three submotions
are presented, and associated with concepts C1, C2 and C3. The
configuration described by the concept C1 is so that, o1 is externally
connected to o2, and is tangential proper part to o3, and the time
interval during which the configuration holds overlaps the time
interval during which the configuration described by the concept C2
holds. The configuration described by the concept C2 is so that, o1
is externally connceted to o2, and o2 is non-tangential proper part
to o3, and the time interval during which the configuration holds
overlaps the time interval during which the configuration described
by the concept C3 holds. The configuration described by the concept
C3 is so that, o1 is non-tangential proper part of o3, and the time
interval during which the configuration holds is overlapped-by
the time interval during which the configuration described by the
concept C1 holds.
We make use of the concrete features g1, g2 and g3 to refer to the
actual regions corresponding to objects o1, o2 and o3 in the scene.
The TBox composed of the following axioms represents the described
moving spatial scene:
C1
.
= ∃(g1)(g2).EC ⊓ ∃(g1)(g3).TPP ⊓ ∃〈{0}, IR+, IR−, {0}〉.C1
⊓∃〈IR+, IR+, IR−, IR+〉.C2
C2
.
= ∃(g1)(g2).EC ⊓ ∃(g2)(g3).NTPP ⊓ ∃〈{0}, IR+, IR−, {0}〉.C2
⊓∃〈IR+, IR+, IR−, IR+〉.C3
C3
.
= ∃(g1)(g3).NTPP ⊓ ∃〈{0}, IR+, IR−, {0}〉.C3
⊓∃〈IR−, IR+, IR−, IR−〉.C1
The situation described by the TBox is inconsistent for the following
reason. A defined concept describes a configuration of the spatial
scene which remains the same during the time interval associated
with the defined concept. As a consequence, if the time intervals as-
sociated with two defined concepts overlap, the conjunction of the
correspondung two configurations of the scene should be consistent.
Concepts C1 and C3 in our example are so that, the associated inter-
vals overlap, but the conjunction ∃(g1)(g2).EC ⊓ ∃(g1)(g3).TPP ⊓
∃(g1)(g3).NTPP is not consistent.
9 Semantics of TCSP-ALC(Dx), with
x ∈ {RCC8, CYCt}
As stated in the introduction, we intend our work to extend Allen’s
CSPs [1], to make them “see” the reality of the physical world, reality
consisting, on the one hand, of (relational) spatial knowledge, record-
ing, e.g., the (durative) look of a spatial scene of interest at specific
intervals (spatial situation), and, on the other hand, of propositional
knowledge, recording the truth values of propositional variables at
specific intervals (propositional situation). We consider thus linear
time, and a TCSP-ALC(Dx) interpretation will consist of a collec-
tion of intervals of the time line, together with, on the one hand,
a truth assignment function, assigning with each interval the set of
atomic propositions true during that interval, and, on the other hand,
of a finite number, say n, of concrete features g1, . . . , gn, which are
partial functions from the set of intervals in the collection onto a uni-
verse of concrete spatial values. Clearly, if such an interpretation is
so that a given concrete feature is defined for both of two intervals
related by the INTERSECTS relation, then the value of the concrete
feature at one of the intervals should be the same as the one at the
other interval. Furthermore, if two intervals I and J are so that I
is a subinterval of J (i.e., related to it by the disjunctive relation
{s, eq, d, f}) then the atomic propositions true during J should all
be true during I as well. Formally, a TCSP-ALC(Dx) interpretation
is defined as follows:
Definition 6 (interpretation) Let x ∈ {RCC8, CYCt}. An inter-
pretation I of TCSP-ALC(Dx) consists of a pair I = (tI , .I), where
tI is a finite collection of intervals of the time line, and .I is an in-
terpretation function mapping each primitive concept A to a subset
AI of tI , and each concrete feature g to a partial function gI:
1. from tI onto the set RT S of regions of a topological space T S, if x =
RCC8;
2. from tI onto the set 2DO of orientations of the 2-dimensional space, if
x = CYCt.
Definition 7 (satisfiability of a TBox) Let x ∈ {RCC8, CYCt} be
a spatial RA, T a TCSP-ALC(Dx) TBox, and I = (tI , .I) a
TCSP-ALC(Dx) interpretation. T is satisfiable by I, denoted I |=
T , ⇐⇒ there exists a one-to-one mapping φ from the set tI of
intervals of I onto the set DT of defined concepts appearing in T ,
so that I, s |= 〈φ(s),T 〉, for all s ∈ tI . Satisfiability by s ∈ tI of a
concept C w.r.t. T , denoted by I, s |= 〈C, T 〉, is defined recursively
as follows:
1. I, s |= 〈B, T 〉 ⇐⇒ I, s |= 〈C, T 〉, for all defined concepts B
given by the axiom B .= C of T
2. I, s |= 〈⊤, T 〉
3. I, s 6|= 〈⊥, T 〉
4. I, s |= 〈A,T 〉 ⇐⇒ s ∈ AI , and I, s |= 〈¬A, T 〉 ⇐⇒
I, s 6|= 〈A, T 〉, for all primitive concepts A
5. I, s |= 〈∃(g1)(g2).P, T 〉 ⇐⇒ P (gI1 (s), gI2 (s))
6. I, s |= 〈∃(g1)(g2)(g3).P, T 〉 ⇐⇒ P (gI1 (s), gI2 (s), gI3 (s))
7. I, s |= 〈∃〈Rbb, Rbe, Reb, Ree〉.C, T 〉 ⇐⇒
〈Rbb, Rbe, Reb, Ree〉(s, φ−1(C)) and I, φ−1(C) |= 〈C, T 〉, for
all defined concepts C
8. I, s |= 〈C ⊓D, T 〉 ⇐⇒ I, s |= 〈C, T 〉 and I, s |= 〈D, T 〉
9. I, s |= 〈C ⊔D, T 〉 ⇐⇒ I, s |= 〈C, T 〉 or I, s |= 〈D, T 〉
10 Deciding satisfiability of a TBox —an overview
We describe briefly how to decide satisfiability of a TBox. We sup-
pose the particular case with all right hand sides of axioms being
conjunctions, and each role implying either of the three relations in
the already defined partition of Allen’s atoms into three disjunctive
relations, PRECEDES, INTERSECTS and FOLLOWS. The general
case can be solved by combining this particular case with recursive
search. The idea is to associate with the TBox a temporal CSP where
the interval variables are the defined concepts, and each subconcept
of the form ∃R.D (D is a defined concept), appearing in the right
hand side of the axiom defining a defined concept C, giving rise to
the constraint R(C,D). The second step is to associate with each of
the temporal variables a conjunction consisting of one subconjunc-
tion which is a propositional formula, and another subconjunction
which is a spatial CSP expressed in the RA x. Furthermore, if two
interval variables are related by the INTERSECTS relation, then the
propositional-spatial conjunction associated with one is augmented
with that associated with the other (so that the homogeneity property
gets satisfied). Decidability now is a consequence of decidability of
a proposition formula, of a spatial CSP expressed in the RA x, and
of a temporal CSP involving only PRECEDES, INTERSECTS and
FOLLOWS (and the universal relation) —which can solved polyno-
mially by translating it into the convex part of TCSPs [3], known as
STPs.
11 Summary
We have presented an ALC(D)-based combination of temporal con-
straints and spatial constraints suitable for the representation of con-
tinuous change in the real physical world. The approach handles
both spatial and propositional change. Knowledge about continuous
change is represented as a TBox, and we have shown that satisfiabil-
ity of such a TBox is decidable.
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